In active magnetic bearing (AMB), the beat vibration will affect the flywheel rotary precision. A vibration model, which includes general dynamic stiffness and unbalance response different from the existing vibration research, is proposed to analyze the vibration characteristics, and the vibration model can express the actual system vibration features from the mechanism. In order to solve the vibration model, it is considered as a multi-degree-of-freedom vibration system. Both the free vibration and the forced vibration are analyzed according to the proposed model's solution, and therefore the beating vibration is discovered when the two vibration frequencies are similar. The weakening measures of the unbalance vibration and the beat vibration are also discussed by analyzing the general dynamic stiffness changing. The simulation and experimental results demonstrate the validity of the theoretical analysis. The vibration analysis results can provide effective mechanism support for active magnetic bearings vibration characteristics research, and the vibration model can provide simulation platform for others applied Research.
I. INTRODUCTION
AMB generates electromagnetic forces through magnetic fields rather than mechanical forces. Therefore, the special advantage of AMB is that there is no contact between bearing and rotor, and it permits operation with no lubrication, no mechanical wear, long life, lower costs and high attainable rotating speed [1] , [2] . Another attractive advantage of AMB is the dynamic force parameters, stiffness and damping, are closely related to the feedback controller parameters, which can be changed easily [3] , [4] . Therefore, AMB has been applied in many fields, such as turbomolecular pumps, flywheel energy storage systems, magnetic damper, as well as high-speed maglev vehicle et al. [5] - [8] . However, when the rotor is at high-speed or the rotor frequency close to the natural frequency, the AMB has unbalance vibration and beat phenomenon. Vibration would affect the stability of the AMB control system and the accuracy of the rotor rotation.
A series of researches have been published to analyze and compensate for unbalanced vibrations. The unbalance compensation is obtained by recursively seeking unbalanced The associate editor coordinating the review of this article and approving it for publication was Zhaojun Li. mass position in [9] . The research in [10] presents a novel multiple resonant controller for AMB to suppress the multifrequency current harmonics in the presence of variable rating speed. In [11] , the active balancing and vibration suppression control of AMB-Rotor system is realized by the phaseshift notch filter. A robust µ-synthesis control scheme for structural resonance vibration suppression of high speed rotor system supported by AMB in the magnetically suspended double-gimbal control moment gyro is proposed in [12] . In [13] , a novel modified adaptive notch filter is presented to suppress the unbalance vibration without angular velocity information with phase shift in the AMB system, which has effectiveness and adaptive characteristics. An automatic learning control scheme is proposed in [14] to eliminate unbalance effects, which adversely affects the operation of the active magnetic bearing. In [15] , a novel adaptive notch filter for frequency estimation based on the information of radial displacement signals in X-and Y-directions together is proposed, and the convergence properties of the algorithm are analyzed. In [16] , the frequency-tracking servocompensator is applied to eliminate the oscillating component. In [17] , a phase-variable control method for unbalance vibration control of five-axes AMB is proposed. In [14] , the iterative learning algorithm is adopted to achieve unbalance compensation for AMB. From the above, the unbalance vibration compensation methods and controllers have been widely discussed. But the unbalanced vibration generation mechanism has not been thoroughly discussed. In this paper, this discussion is illustrated in detail by solving the vibration model, and it will be revealed the vibration elimination principle by changing the general dynamic stiffness.
For the modeling and the resonance phenomenon analysis, some scholars have carried out research. In [18] , a multiphysics model for electromagnetic vibration and noise calculation is proposed, and the calculated vibration and noise agree well with those obtained from experimental test. An analytical model is presented in [19] including the eddycurrent effects of a solid-core AMB under both current drive and voltage drive, after setting up the relationship between the magnetic force and the effective reluctance. In [20] , the multi-DOF rotor model is proposed based measurement of stiffness and damping for active magnetic bearing. The design, construction, and modeling process for a high performance AMB test rig is described in detail in [4] , and model validation is confirmed through the successful design and implementation of a mu-synthesis controller. In [21] , an experimentally driven model updating approach is presented to address the dynamic inaccuracy of the nominal finite element rotor model of a machining spindle supported on active magnetic bearings. An accurate analytical model is proposed in [22] including eddy-current effects and leakage effects, the frequency response characteristics of axial and radial stiffness are calculated according to the model. It is summarized from the above that the model and the rotor dynamic characteristics of AMB are researched, but the vibration mechanism has not yet been analyzed in depth, and few papers mentioned beat phenomenon.
This paper proposes a vibration model including the general dynamic stiffness and rotor unbalance. The multidegree-of-freedom vibration system is employed to solve the vibration model, and the rotor radial displacement theoretical solution is given. In the model's solution, there are both the free vibration and the forced vibration, and therefore the beat vibration is discovered when the two vibration frequencies are similar. Besides, the unbalance vibration generation mechanism is analyzed. Do exist beat and unbalance vibration phenomenon through the analysis of simulation and experimental results. Additionally, the influences and weakening of the beat vibration on the AMB system are also discussed through changing the controller parameters to adjust the general dynamic stiffness. The results would provide accurate models for subsequent vibration compensation research.
II. VIBRATION MODEL ANALYSIS A. MODELING
The force analysis for rigid rotor with 5-DOF AMB is shown in Fig. 1. 1 and 2 are the support positions for the two radial magnetic bearings in 4-radial-DOF, 3 is the support position for axial magnetic bearing in axial-DOF, and O g is the mass position. ϕ, θ , and ω are the angular displacements for the rotor in x, y, and z axes. Others variables will be introduced below.
For the convenience of the dynamics model solution, the rotor force in radial magnetic bearings is analyzed in Fig. 2 .
Single active magnetic bearings differential control architecture. Fx 11 and Fx 12 are the electromagnetic forces for two the magnetic poles of one radial AMB (in x-axis), x 1 is the radial displacement, and i cx1 is the control current to limit x 1 .
If the rotor under rotating state, the electromagnetic force is expressed as
The parameters in (1) and Fig.1 are explained in TABLE 1. When x 1 = 0 and i cx1 = 0, the Taylor Series for (1) is shown
is considered higher order infinitesimal. Therefore, (2) can be rewritten as
The derivation processes about others electromagnetic forces for F x2 , F y1 , and F y2 in Fig.1 are similar, so the following equation is given.
The motion differential equation for the rotor system in the four-radial-DOF is established according to the analysis in Fig.1 and the centroid motion law [23] .
where f x and f y are the components for the unbalance force in x and y axes respectively, I r and I a are the radial and axial inertia moments.
To analyze the unbalance phenomenon, the section schematic for the rotor in the mass position is shown in Fig. 3 .
In Fig.3 , O c is the centroid, O g is the mass, O r is the rotation center, Oxy is the common coordinates, and O r ξ η is rotation coordinates. Besides, O c O g = e p is the eccentricity, O r O g = e 1 is the distance between the rotation axis and the mass, ϕ is the phase angle between e p and O r ξ η. The unbalance force for the rotor can be calculated as
Besides, the coordinate transforming relations between the mass and the centroid can be described as [4] x g = x c + e p cos(ωt + ϕ) y g = y c + e p sin(ωt + ϕ)
The vibration equations with matrix forms about (5) are derived as. 
where
f x and f y are the unbalance electromagnetic forces or external disturbance forces in x-axis and y-axis, respectively. Because the rotational displacements ϕ and θ are very small, they can be replaced by the translational displacements in (10) when the rotor rotating according to Fig.1 .
Another vibration form for (8) can be rewritten as
M is the mass matrix for the rotor, C is the damper matrix, K is the displacement stiffness matrix, B is the control current matrix, and f is the coefficient matrix for unbalance force.
B. VIBRATION MODEL DECOUPLING AND SOLUTION
To solve the vibration model, (11) can be expressed as
where K is defined as general dynamic stiffness matrix, and it will explicitly expressed below. The vibration model in (12) is a coupled system. To decouple, the natural mode matrix is introduced.
where is invertible square, and meets the orthogonal relation of matrix form. So, the mass matrix and the general dynamic stiffness matrix can be rewritten [24] 
To realize movement decoupling, a coordinate change formula is introduced.
So, (12) can be converted as
, M q and K q are diagonal matrices except for C q . If the damper matrix cannot be complete diagonalized in the vibration model transform, the off-diagonal elements can be ignored [25] . So, the independent single degree freedom system can be written as
(18) can be rewritten
where ζ is the relative damping coefficient, and ω n is the inherent frequency. They are expressed as ζ = C r 2m r ω n and ω n = K r m r
The theoretical solution for (19) is given as
where u 1 (t) is the free vibration, and u 2 (t) is the forced vibration. Besides, ω d is the natural frequency, ω r is the rotor rotational angular frequency, and ϕ d is the phase angle between e p and O r ξ η in Fig. 3 .
III. VIBRATION ANALYSIS A. BEATS VIBRAYION AND REDUCING
Now, the harmonic influence between the free vibration and the forced vibration in (21) is analyzed. First, a control block diagram of the single-DOF manufactured in the previous research is shown in Fig. 4 . where G s is the displacement sensor gain, G A is the power amplifier gain, G PID is one kind of PID controller transfer function, v s is the output signal for the sensor, and v r is the input signal for the controller. The expression of the control current in Fig. 4 is expressed as
The general dynamic stiffness matrix K in (12) can be written as according to (27) 
where the general dynamic stiffness includes displacement stiffness, current stiffness, and controller structure. Combined with the controller structure, an incomplete differential PID controller is introduced, and its transfer function is denoted as
where K p and T i are the scaling and integral coefficients respectively, T d is the time coefficient, T ds /(1 + T fs ) is the incomplete differential part, and (T l + 1)/(αT ls + 1) is the advanced link.
To analyze the electromagnetic harmonic influence accurately, the PID controller parameters are set according to actual experiment, as follows: K p = 0.585, T i = 0.545, T d = 0.619, T f = 0.7539, T l = 0.01425, α = 0.1249.
Then, the natural mode matrix and the mass diagonal matrix are obtained according to (12) (13) (14) (15) (16) and the key parameters for the actual AMB system in TABLE 1. In TABLE 2, the natural frequency is 503.8Hz when the rotational frequency is 500 Hz, so beat phenomenon will arise near 500Hz. Besides, the PID controller output |G PID | and the general dynamic stiffness K r are increasing with the rotational frequency increasing, but the relative damping coefficient is decreasing within the scope of the rotational frequency and is very small, which verifies it is feasible to ignore of the damper matrix in (17, 18) . Since the damping coefficient is small, the inherent frequency is equal to the first order natural frequency.
The beat phenomenon will exacerbate the rotor radial whirling, reduce control system stability, and appear low frequency interference [27] . The main reason for beat is the natural frequency f n close to the rotational frequency in 500Hz. It can see f n is decided by K r from (20) , so the measures to weaken beat is to change the general dynamic stiffness.
K r is only influenced by the controller characteristic according to (28) if the structures of AMB have been designed. To make the natural frequency away from the rotational frequency in 500Hz, the PID controller parameters are reset according to actual experiment, as follows: K p = 1.025, T i = 0.545, T d = 0.569, others parameters are same as the previous values. The key values are recomputed and shown in TABLE 3. The contrast curves about f r and f n are given in Fig. 5 for the two groups PID controller parameters. In Fig.5 , the intersections of the curves f r and f n1 are in 643.2Hz when the controller parameters are modified. However, the first-order natural frequency is 639.9Hz when the rotor rotates in the normal operating frequency 500Hz, and the influence of the beat phenomenon will be greatly reduced.
B. UNBALANCE VIBRATION AND DIFFERENT TYPES COMPENSATION
The unbalance forces in (6) and (9) have different meanings. (6) symbolizes the rotor itself unbalance force, and it is changed with the distance between the rotation axis and the mass e 1 . (9) is the unbalance electromagnetic force generated from the AMB. To analyze the relations between the two unbalance forces, the phase angle ϕ in Fig. 3 is discussed, and it is calculated about 0 by (26) and TABLE 1 because ζ is about 0. The status is shown in Fig. 6-(a) .
In Fig.6-(b) , if the PID controller output increases enough, K increases accordingly, and the rotor rotates around the In Fig. 6-(c) , if the PID controller output is small enough, K will equal the displacement stiffness K, and the rotor rotates around the mass O g , which called inertia force minimum compensation. At this time, e 1 approximately equals 0, f x and f y reach the minimum, f x and f y reach the maximum.
IV. SIMULATION RESULTS ANALYSIS A. BEATS VIBRATION SIMULATION ANALYSIS
The vibration model in (8) is solved using MATLAB, and the radial displacement theoretical solution is shown in Fig.7 and Fig.8 . The PID parameters are set like the first theoretical analysis, as follows: K p = 0.585, T i = 0.545, T d = 0.619, T f = 0.7539, T l = 0.01425, α = 0.1249. Besides, e p is assumed as 15µm according to the actual AMB-rotor. In Fig.7 , beat phenomenon exists and its frequency is 3.8Hz, just is the two frequency difference of the rotational frequency (500Hz) and the natural frequency (503.8Hz). The simulation verifies the theoretic correctness of beat in TABLE 2.
To verify the validity of the above beat weakened theoretic, the PID controller parameters are reset same as the second theoretical analysis, as follows: K p = 1.025, T i = 0.545, T d = 0.569, T f = 0.7539, T l = 0.01425, α = 0.1249. Others simulation parameters are changeless like in 1, and the rotational frequency is also assumed 500Hz. One-DOF radial displacement simulation curve is shown similarly in Fig. 8 , the curve is consistent with the theoretical solution for (21) .
Contrast with Fig. 7 , the rotor radial displacement does not contain beat in Fig. 8 . It illustrates the beat can be weakened by changing the PID controller parameters, and the rationality of above beat weaken theoretical analysis in TABLE 3 also is verified.
B. UNBALANCE VIBRATION SIMULATION ANALYSIS
Now, the unbalance vibration and two kinds of compensation simulation are analyzed. In Fig. 9 , the mass trajectory, centroid trajectory, and one-DOF radial displacement are shown. The parameters are selected same as them in TABLE 3 and Fig. 8,   FIGURE 9 . The rotor trajectory no without considering beat vibration in 500Hz. 1 represents the mass O g trajectory, and 2 represents the centroid O c trajectory.
In Fig. 9 , the unbalance radial displacement synchronous with the rotational frequency is existent, and the results can prove the theoretical solution in (21) is correct.
To achieve displacement minimum compensation and verify the correctness for Fig.6-(b) , the PID controller output value is magnified to enhance K using adaptive iterative learning control, and the parameters are same as them in the previous research [27] . The simulation results are shown in Fig. 10 . In Fig. 10 , the unbalance radial displacement decreases significantly, and the rotor rotates around the centroid. The results in Fig. 10 prove the correction of Fig. 6-(b) . Similarly, to achieve inertia force minimum compensation and verify the correctness for Fig.6-(b) , the PID controller output is filtered using some active filtering algorithms [28] . The simulation results are shown in Fig. 11 . In Fig.11 , the centroid trajectory is greater than the mass trajectory, which proves the correction for Fig. 6-(c) . Besides, contrasting the radial displacement between Fig. 9-(b) and Fig. 11-(b) , the radial displacement after reducing the general dynamic stiffness is slightly larger, and the compared results are able to verify correctness for (9) and (25) .
V. EXPERIMENT RESULTS

A. BEATS VIBRATION EXPERIMENT ANALYSIS
The radial displacement for one-DOF is shown in Fig. 12 . The experiment parameters are completely consistent with the simulation parameters in Fig. 7 , and the PID parameters are set like the first theoretical analysis, as follows: K p = 0.585, T i = 0.545, T d = 0.619, T f = 0.7539, T l = 0.01425, α = 0.1249.
In Fig. 12 , the rotor radial displacement includes beat obviously, and the beat frequency is about 3.8Hz consistent with the simulation results in Fig. 7 . Besides, the control current also appears the same frequency beat, which will affect the rotor radial whirling and control system stability. So, the experiment results can demonstrate the correctness of the above theory and simulation conclusions.
Besides, the beat weaken experiment results are given in Fig. 13 to validate the correctness for the previous theory and simulation conclusions. Similarly, the experiment parameters are consistent with the simulation values in Fig. 8 and in TABLE 3, and the PID controller parameters are reset same as the second theoretical analysis, as follows: K p = 1.025, T i = 0.545, T d = 0.569, T f = 0.7539, T l = 0.01425, α = 0.1249. The beat is obviously weakened whether are the radial displacement or the control current in Fig. 13 , which are consistent with the simulation results in Fig. 8 . The theory and simulation conclusions by changing the general dynamic stiffness to weaken the beat are proved. In Fig. 14(a) , to achieve the displacement minimum compensation, the adaptive iterative learning control (AILC) algorithm is adopted to limit the rotor radial displacement (C2 in Fig. 14(a) ), its objective is learning the unbalance sinusoidal signal in the radial displacement and enhancing the active control effect (enhancing the control current, C1 in Fig. 14(a) ). The experimental parameters are same as the simulation and the previous research [27] . In Fig. 14(c) , to achieve the inertia force minimum compensation, the Least Mean Square algorithm (LMS) is added in the closed loop control system in Fig. 4 , its objective is filtering the unbalance component in the radial displacement and reducing the active control effect (filtering the control current, C2 in Fig. 14(c) ). The parameters for the PID controller and the LMS algorithm are selected according to previous research paper [28] . The amplitudes for the radial displacement in Fig. 14 are shown using Fast Fourier Transform (FFT) algorithm in Fig. 16 .
B. UNBALANCE VIBRATION EXPERIMENT ANALYSIS
In Fig. 15 , the amplitude of ''1'' is 10.84µm, the amplitude of ''2'' is 12.56µm, and the amplitude of ''3'' is 2.37µm. These results trend agree with the radial displacements changing in Fig. 9, Fig.11 , and Fig. 10 . So the experiment results can prove the accuracy of the conclusions for the theory and simulation in the previous research. 
VI. CONCLUSION
This paper proposed an accurate vibration model considering the general dynamic stiffness and rotor unbalance. Based on this, the beat and unbalance vibration generation mechanism were investigated. The deduction of the beat and unbalanced vibration in the simulation and test result is explained by the analysis of the derivation of the rotor radial displacement theoretical solution. The research led to the following findings and conclusions. 1) In the vibration model, the coupled problem for each DOF can be solved through the multi-degree of freedom vibration system. Moreover, the general dynamic stiffness, including displacement stiffness, current stiffness, and controller structure, is defined, the accuracy of vibration model prediction is improved and the calculated results agree well with those from tests. 2) The beat phenomenon is discovered when the two vibration frequencies for the free vibration and the forced vibration are similar. Besides, the beat can be reduced through changing the controller parameters, and then changing the generalized dynamic stiffness value, finally increasing the two vibration frequency difference.
3) The unbalance vibration cause is summarized according to the amplitude formula for the forced vibration in (26) . The unbalance vibration can be compensated by enhancing or reducing the generalized dynamic stiffness using AILC or LMS algorithms. 4) The vibration analysis results can provide effective mechanism support for all AMB system. Besides, the vibration model can provide simulation platform for other AMB applied researches.
